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Intro & Summary of Results

For comparison with and validation of optical signature modelling tools, this report
calculates 4 optical signature components and the thermal cooling temperature profile of a
sphere outside the earth atmosphere. The sphere is characterized by radius r and emissivity
e(A, ), viewed over some waveband. The emissivity, depending on both direction relative
to the surface normal and wavelength, is the key quantity characterizing both the emissive
and reflective properties of a surface. The waveband will be assumed narrow enough that
€ is approximately constant over the band.

Because of the symmetry of the target, the thermal radiant intensity will be indepen-
dent of aspect angle, assuming a uniform temperature over the sphere. The reflected solar
radiant intensity will depend only on the aspect angle £ with respect to the sun-sphere
line. Reflected earthshine radiant intensity can have a complicated angular dependence
due to a non-uniform earth source function, as can the reflected earth albedo. Calculated
radiant intensities of these components, in units of watts per steradian, are summarized
below:

e Thermal Emission:

/2
Jr ~2r2g(T, A)) / e(v) sinpcos pdap
0
e Reflected Sunshine

o Specular:
2

Jo(€) = (1 - e(¢/2))Fo
o Diffuse:
/2
1o (0) = 2mFior? / (1= €(8)) cos? Osin 6d6
0
nJo(€ < m/2) = For?(2mcos £11(€,€) + 2sin €12(€, €) + 2 cos EI3(€, €))
™/
1o (m/2) = 2Fr? / “(1 - ¢(8)) cos Osin? 68
0
wJo(E > m/2) = For? (2sin€Ia(¢,€) + 2 cos €I3(€, €))

Jo(m) =10



e Specularly Reflected Earthshine:

R ' (Dn — Rg)(1 — €[¢, 7))
(f) - (TGB’A’\) Re/D dn 693(77) (Ré + D2 —-2R Dn)S/Z

e Specularly Reflected Earth Albedo Estimate (sunshine reflected from earth onto

sphere):
J. Fs(1 )(1 )R
~ — €, — €
For a sphere cooling from temperature Tj in the absence of any heating sources, the
temperature profiles for 3 choices of emissivity are given below:

e Blackbody:
e Electron Gas:

e Numerical Emissivity:
AT
= hpd
ot ;;f(zy,wm)m

The blackbody and electron gas profiles represent perfect emitters and perfect mirrors,

respectively, and are expected to bracket the behavior of any real material.
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THERMAL EMISSION

In terms of the emissivity €(i, A), the spectral radiance of an element of surface area

da at temperature T is given by:

cos P

™

N\ Y) =e(A\9) F(T, ) (W-em™?pm™ sr™1)

where f is the blackbody (e = 1) spectral radiant emittance:

= -]

¢, =3.74 x 10* W.cm™Zpm* ey =144 x10* pym K
Assuming the temperature is uniform over the sphere, then, due to symmetry, the
thermal radiant intensity Jr of the sphere can be simply obtained by integrating N over

a hemisphere for each da, multiplying by the surface area 4772, and dividing by the total

steradians, 4:

/2 2 A2
JT=% da/o sin¢cos¢dw/() as | e(1b, \) £(T, \)dX

T 1
w/
~ 2r2g(T, A/\)/ : e(1)) sinypcos dip (W-sr™h), e(A1) ~ e(A2)
0

where g(T', A)) is the integral of f(T, A) over the waveband of interest. The assumption
was made that the emissivity is constant over the waveband of interest. This is a good

approximation for wavebands narrower than a micron or so.



TEMPERATURE PROFILE OF EMISSIVE COOLING
Consider the change in temperature of a sphere cooling via thermal emission in the
absence of any outside heating source. The total power R(T") emitted at temperature T is
obtained by integrating the emission over all solid angle for an element of surface area, and
then multiplying by 4wr2. Unlike the previous treatment of thermal emission over some
small waveband, it is necessary to integrate over all wavelengths (although the bulk of the
emission will indeed come from a relatively small waveband). This requires allowance for

a dependence of emissivity on wavelength.

cos@

R(T) = 4nr? / F(T, N)dA / " de / (6, \)—— sin 69 (Watts)

For integration over all wavelengths, real emissivities are found to vary more in wavelength
than angle. Since most of the emission from an element of surface area will be into a
relatively small cone of solid angle about the normal direction, a good approximation is
to ingnore the angular dependence of . An appropriate estimate for e()) is its normal
direction value; the cosine factor kills off tangential emission.

A little calculus can relate R to the heat capacity H:

dE

dt
_dBdT
©dT dt

aT
_H-C—ii-

R(T) =

energy per time

so that the time ¢ to cool from temperature Ty to T is given by:

/—dT /dt:t
To 0

In terms of the specific heat capacity h, mass density p, and thickness d of the sphere
(assume d < 1), H = hdnr?dp. Although h is in general a function of temperature, for

relatively small temperature intervals, say less than 100 K, it can be taken constant.
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e Case: Blackbody
The emissivity ¢ = 1 for all wavelengths, so that the angular integral collapses to 1,

and the spectral integral is just:

/ ” (T, \)d\ = oT*
0

the Stephan-Boltzmann law, where o = 5.67 x 10~8W /m?K*.

The time to cool from Ty to T', at constant h, is then:

g_bed (1 1
30 \T3 T}

Invert this to obtain T'(¢):

2 — i+1 —1/3 T _ hpd
To o Tbb bb 30'Té3

At t = 14y, T = 0.8T. Using the heat capacity and density of carbon-carbon, a material
which may be expected to have emissive properties similar to a blackbody, the cooling

timescale 7, = 1.4 hr, for a thickness of 2 cm. For behavior on very short timescales,

T 1 11 '«
—_— ]l =, T
Tg 3Tbb o

e Case: Electron Gas
This is the case of an idealized metal, in which the optical properties are determined
only by the conduction electrons, which can be treated mathematically as an electron gas
within the lattice of ions. Refer to the previous report “The Optics of Metals”, for deriva-
tion of the optical properties of an electron gas. This approximation is valid for frequencies
at about the visible and below. It forces a restriction to temperatures below about 5000 K;
the Planck function kills off contributions from frequencies where this emissivity is invalid.

In terms of the conductivity x and angular radiation frequency w:

€W/
€eg ~ 2 T



Here, € is the standard notation for the permittivity of free space; do not confuse it with
an emissivity.

€eg 18 the value of emissivity in the surface normal direction. There is a weak angular
dependence (emissivity increases slightly away from normal), but a good approximation is

to take this value as constant for all angles. Then:

/ €eg(N) F(T,\)d)\ = 3.8 "‘/% 792 = 3 T79/2
0

where & is the Boltzmann constant.

The time to cool from Ty to T is then:

,_ 2hpd ( 1 1 )
- 772 7/2
™= \T72 g
Invert this to obtain T'(¢):

7 <L + 1> N o = —od
T ’ 557

At t = Teq, T = 0.82Tp. Using the heat capacity and density of stainless steel, a material

Teg

which may be expected to have emissive properties similar to an electron gas, the cooling

timescale 7.4 = 58 hr, for a thickness of 2 cm. For behavior on very short timescales,

f—F—Nl—gi LT
TO— 7Teg, €9

e Case: Numerical €
The emissivities of real materials are typically in a tabular form over angle and wave-
length, albeit usually at only a few discrete values. Since the above derived expressions

involve integrals of integrals, the discrete sums are recast here.

H_ hod _ hpd
R ‘A;f(T, A)e(M)AX T Q(T)

A vector Q; is constructed by evaluating @ at each Tj. Then the time integral becomes:

AT
= hpd
t=hed Q@)




REFLECTED SUNSHINE

A great simplification to reflection calculations arises for sources at infinity, so that
the incident rays are approximately parallel. The sun can be well-approximated as such
a source. The solar source spectrum can be approximated as a blackbody f(Ts, ). The

solar irradiance at earth orbit in the waveband of interest is then:

Ry \? [
F@ = (1 AU) N f(T03A)dA

Reflectivity can be modelled as a linear combination of pure diffuse and pure specular.

These limiting cases are considered separately below.

Specular Reflection

Refer to Figure 1 for an illustration of the geometry. Consider an incident solar flux of Fj
W /cm?, and restrict attention to rays in the annulus of width db about impact parameter
b. Rays not absorbed are specularly scattered into an annulus of solid angle of width d¢
about angle ¢ from the sun direction. Equating these fluxes in terms of the solar specular

radiant intensity Jg and the reflectivity = 1 — e:
(1 — e(a))Fg2mbdb = Jg (€)2msin £d€

Since the angle of incidence = the angle of reflection, the angle of the incident radiation

with respect to the surface normal a = ¢/2. Since bdb = r?sin(£/2) cos(£/2)d€/2,

Gl 7!
Fg)ﬁ SWAA QJ\'/\bl

Jo(€) = (1 - e(¢/2) Fo's (W /sr) o

Diffuse Reflection

Consider now pure diffuse reflection. Then, the flux incident on da that is not absorbed is
‘reflected’ into solid angle proportional to the cosine of the surface normal. Such reflective

(or emissive) behavior is also called ‘Lambertian’, and is obtained when ¢ = 1. Here, we
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make use of € # 1 to account for fractional absorption, but the redistributed radiation is
that of a blackbody emitter. Physically, diffuse reflection arises not from the emissivity
of a material, but from surface roughmness. IR reflections tend to be specular, but as the
radiation wavelength approaches the scale of irregularities in the surface, the reflection
becomes more diffuse. Visible reflectivities may have an appreciable diffuse component.
Refer to Figure 2 for an illustration of the geometry.

Consider now the target sphere at the origin of coordinates, with the incident solar
flux along —2, and the observation direction at polar angle £ in the £ — 2 plane. Each da
is at polar coordinates 6, ¢. As for the specular case, the total reflected radiation by each
da is

dF = (1 — €(0))Fpbdbdg (W)
The density of this radiation in solid angle is the diffuse reflected radiant intensity by da:

dJo(€) = CO;¢dF (W - sr1)

where 1) is the angle between the observer direction and the surface normal.

The normal direction of each da is

7L = cos ¢ sin 0% + sin ¢ sin 07 + cos 62

and the observer direction is:

A

O =sinéz +coséz

so that:

cost = cos ¢sinfsiné + cosf cos €

Since bdb = r? sin 0 cos 0d, the radiation scattered into direction ¢ by da (8, ¢):

7'2F®
a

dJo(§) = (1 — €(8))(cos ¢sinBsin € + cos B cos €) sin 6 cos 0dOd¢



This expression is integrated over the visible illuminated region to yield the total reflected
radiant intensity at &.
The boundary of the visible region is defined by cosy = 0. This can be viewed as the

function ¢p(0), which defines the integration limit in ¢ for each value of #:
cos ¢pp = —cot £ cot d

The region of ¢ integration is then —¢, < ¢ < ¢. The region of 8 integration is 0 <

6 < /2, the illumination region, for all ¢. The integral simplifies for two special cases:

£E=0,m/2.

o Case: £ =0

Here, the visible region is just the illuminated region. Then, cosy = cosf, so that:

WJ@(O)

/2
-—-271'/ 1 — ¢(6)) cos® 0 sin 0d0
o =2 [ (1= e(0)

e Case: £ =7/2

Here, the visible region coincides with —7/2 < ¢ < /2, and cosy = cos ¢sinf.

7l'/2 1!'/2
mJolm/2) (m/2) = / (1 — €(6)) cos @ sin’ 9d9/ cos ¢pdo
F@’!’z 0 - /2

/2
= 2/ (1 — €(6)) cos fsin” d0
0

o Case: 0 < &< m/2
It turns out that the expression for ¢, must be carefully applied; for a given &, values of ¢
too small or large yield unphysical imaginary ¢, (see figures). By plotting the imaginary
part of ¢y, one can identify an interval in 8 of real ¢, bounded by 0,,;, and 0,,,,. By
induction from such plots, Omin = 7/2 — &, and Oz = 7/2 + €. Values of 8 < Opin

are those latitudes that are illuminated and visible for all ¢. The boundary ¢, turns on
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for 8 > Opin. The upper 6 limit is just 7/2, the limit of the illuminated region, since

Omaz > /2.

tJo( < m/2)
F@'I’z o

Gmin 27
/ (1 — €(8)) cos G sin 0d9/ (cos psinOsin € + cos b cos £)d¢
0 0

/2 %o
+/ (1 — €(#)) cos O sin 9d9/ (cos ¢sin @ sin & + cos O cos &)ded
— b

gmin

emin
= 27 cos 5/ (1 — €) cos? fsin OdH
0

/2
+ 2sin§/ (1 — €) cos #sin? O sin ¢pydf
6

min

/2
+ Zcosg/ (1 — €) cos? O sin Oy, df
6

min

= 2mcoséli(€,€) + 2sinéls(E, €) + 2 cosEI3(E, €)

o Case: m/2< €< m
The difference in calculation from the previous is the treatment of values of 6 < 0,,5,,. As
previously, a naive application of the expression for ¢, can yield imaginary values. And as
previous, graphically displaying ¢, indicates the real values are contained within a range
of 8. However, this time 0,5, = £ — 7/2 and O0; = 37/2 — €. Unlike the previous case,
Ommin defines the boundary above which the illuminated portion is not visible. The upper

boundary of 8 is still defined by 7/2, the illumination boundary.

wJo(€ > 7/2)
F@'I‘z

= 2sinéls(€,€) + 2cos EI3(E, €)

e Finally, Jo(m) = 0, since none of the illuminated region is visible.
o A useful check on the expression for Jg(£) can be obtained by equating the total flux

reflected to the sum of Jg (§) over solid angle:

2 /2 27 T
For? /0 do /0 (1 = €(8)) sin 8 cos 6d6 — /0 do /0 Jo(£) singde
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T Dr(X) (3 =7%)

imag(acos(—cot(x)*cot(pi/6)))




Re by, (X) (%= %>

real(acos(—cot(x)*cot(pi/6)))




SPECULARLY REFLECTED EARTHSHINE

Calculations of this radiant intensity are complicated on two fronts: the finite extent
of the earth with respect to the sphere, and the generally non-uniform temperature and
emissivity of the earth. The former is only a mathematical complication, and while not
as simple as a point source treatment, is still tractable. But the latter causes the radiant
intensity to depend sensitively on whatever necessarily-simplified assumptions are made
about the earth source. The earth emission will vary not only spatially over the earth, but
with time as well, due to weather and climate effects. The earth source function will be
numerous absorption and emission lines superposed on the ~ 300 K blackbody spectrum.
Various numerical models may use different tabulated earth source data, or a single model
may have alternative sources for different times of year. The following treatment gives
first a simple estimate for a point source earth, and then an exact calculation, all assuming
specular reflectivity.

But first, consider the illumination of the target sphere. For a source at infinity,
exactly one half the sphere is illuminated. But for an extended source, the illumination is
greater than one half. And the illuminating source region is less than one half the earth.
The latitude v of the illuminated part of the sphere is related simply to the colatitude ¢
of the illuminating part of the earth: ¢ + v = 7/2, and cos ¢ ~ Rg /D, where Rg is the
radius of the earth and D is the distance to the sphere from the earth center. See Figure

3 for geometry. For D = 2Rg, ¢ = 60°.

Point Source Estimate

Consider now the specular reflected radiant intensity of a point source earth. In terms of
the incident earth flux Fg, the reflected radiant intensity is as given previously for solar

radiation:

Jole) = (1- e/ (W/a)

11



where { is now measured with respect to the earth-sphere line. Within the point source

approximation, there are a couple possibilities for Fg.

e Case: Blackbody earth
If the earth emissivity eq = 1, the earth source spectrum is a simple blackbody attenuated

by distance:

Ro\ 2
Fo = (—@-) F(Te, A
D AL

e Case: Uniform earth
Here, ¢g # 1, but we assume eg uniform over the earth surface (or better, a surface
average). Then integrate the emission from each earth surface element dAg over the
hemisphere, just as for the thermal emission calculation above. As before, we make the

reasonable assumption of constant emissivity over the waveband of interest.

2 phe 27 /2
Py = (Ze F(Te, \)dA / de / e (9) %2 sin o
D AL 0 0 T

R 2 el /2
=2 (T;‘i) F(Tg, A)dA / e (0)cos 0 sin 6d6
0

A1

Extended Source

Now a calculation is made which takes into account the extended source, and its associated
illumination function. The approximation is to assume that each element of earth surface
area dAg is a point source, and sum over the contributions of all illuminating elements
of earth surface. We continue to assume eg(A) ~ constant over the waveband of interest.
Refer to Figure 4 for the geometry and variables.

The power emitted toward the sphere by surface element dAg, in waveband of width

dA about A is:
cos

™

o (V) f (T, ) dAgdA (W/sr)
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The irradiance at the sphere is then obtained by multiplying by the ratio of solid angle

subtended by the sphere to its projected area:

cos P 00
ddpd\—; (W /cm?)

o () f(Ta, )

T

From this irradiance, and the formula derived above for specular radiant intensity, we can

write down the radiant intensity at observer angle £ due to specular reflection from dAg:

cos Y

€a ("/))f(TGB’ ’\)

0 g apr (- g -0y (W)
T o 2 ¢ o 4
The total specular radiant intensity is then obtained by integrating over all illuminating

dAg. Note this expression involves both the emissivity of earth, and the sphere emissivity.

We have the following relationships among variables:

dAg = RZ sin 0dfdg

2

nr
00 = 472

Dcos0 — Rg

cosy = ;

1> = R% + D? — 2Rg.D cos 0
a=v9—10

The integration variables range 0 < ¢ < 27 and 0 < 0 < 6,,, where the limit to the
illuminating region is given by cosf,, = Rg/D.

Plugging in these values to the integral, and transforming variables such that n = cos 8,
we have for the specular radiant intensity of earthshine:

Rérz
&7

Jol€) = “g(To, AN [ e@(n>((D”‘R®)“‘e[§’”D (W/sr)

Rg/D Rge + D2 — 2R@D77)3/2
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REFLECTED EARTH ALBEDO ESTIMATE
Here an estimate is given of the radiant intensity of sunshine reflected first off the
earth, and then from the sphere to the observer. The sunshine reflected from earth will be

approximated as specular, so that the intensity of radiation illuminating the sphere is:

Fo(1 — )2 (W/sr)

In reality eq would have spatial and temporal dependence as mentioned previously, as well
as the angular dependence allowed above, but for the purposes of this simple estimate we
adopt a mean representative value, €g. The specular assumption will yield an underesti-
mate of the radiation incident on the sphere, as there will be a diffuse component to the
reflected solar radiation.

As previously, the earth albedo source irradiance at the sphere is then:
Fo(l—gg)—2— W /cm?
o(1—26) 2 (W/cm?)

where 0Q = w72 /4nl? and [ is the distance to the sphere from the reflecting earth latitude.
Finally, from this irradiance, and assuming specular reflection from the sphere, the radiant

intensity of reflected earth albedo is:

_ RZ r2
Joo ~ Fo(l —€)(1 — f)‘l%ea; (W /sr)

As for the earth emissivity, we have taken a mean representative value of the sphere
emissivity, & The value of [ will be greater than Rg, perhaps much greater, depending on
the sphere position. Compared to the specular reflected sunshine calculated previously, we

see that the albedo term can be several orders of magnitude smaller, for values of I ~ 2Rg,.
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